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Abstract—We consider the problem of verifying graph transformations described by an imperative programming language.
This question is particularly relevant for transformation of
knowledge bases. We will argue in this paper that previous
proof approaches based on dedicated Description Logics were
technically complex and often inappropriate for reasoning about
preservation of structure of knowledge bases. For these reasons,
we explore here an assertion formalism based on the Guarded
Fragment of predicate logic, which provides a homogeneous
framework. Based on a formal semantics of our transformation language, we show how to extract proof obligations from
annotated programs and how to obtain decidable correctness
problems.

I. I NTRODUCTION
Graphs are structures that are ubiquitous in natural sciences
and in engineering, and in particular in computer science. Applications include the topology of a communication network;
diagrams in model-driven engineering; pointer structures in
traditional imperative programming languages; and graph data
or knowledge bases.
We are here concerned with ascertaining that structural
properties are preserved under change, and we want to ensure
this statically, before effectively carrying out the transformation. Differently said, we aim at full verification of graph transformations and not an a posteriori test that the transformation
did not go wrong for individual instances. This is a relevant
requirement if changes are difficult to be undone; or the graph
structure must never be in an inconsistent state; or the graph is
too large - indeed, in the following, we make no assumptions
about finiteness of graphs.
An ideal we aim at is fully automated verification, and for
this reason, we have to make concessions, both on the side
of the transformation language and the assertion formalism.
General-purpose programming languages are too expressive,
containing for example unlimited arithmetic. We have therefore defined an imperative programming language specifically
tailored to graph transformations that only addresses structural
aspects of a graph. Such a language can be useful as a highlevel language to be compiled to and used in conjunction
with a general-purpose language. It can also be used in
contexts where only a limited expressivity is required, such
as manipulation of (graph) data bases and knowledge bases
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[1], [2], [3]. On the basis of such an imperative language, we
use Hoare triples (precondition, statement, postcondition) for
specifying the behaviour of a transformation.
We also have to reduce the expressiveness of the assertion
formalism, so as to have a decidable base logic. We have
previously investigated Description Logics [4] as an assertion
formalism, a family of logics that are particularly suited for
reasoning about changes in data and knowledge bases, see [5],
[6]. The disadvantage of these logics is their restricted capacity
to express nested quantifications, which is a limitation for
expressing interesting program properties. A more technical
problem is that it is difficult to deal with substitutions that arise
during computation of weakest preconditions: Description
Logics are typically not closed under substitutions. We also
face this problem in the approach described in this paper, but
the solution turns out to be cleaner, as we can clearly separate a
pre-processing phrase, eliminating substitutions, from theorem
proving, whereas in Description Logics, these phases have to
be intertwined [7].
To overcome these limitations, in this paper, we propose to
use the Guarded Fragment (GF) of first-order predicate logic
(FO) as assertion formalism. GF finds its roots in modal logic,
just as Description Logics can be understood as extensions of
modal logic. GF has been proposed in [8] as a generalisation
of the kind of formulas one obtains when translating modal
logics to FO. GF is a direct fragment of FO, and so are
extensions of GF that we have to adopt temporarily to handle
verification conditions arising from programs, and this gives a
more homogeneous framework with FO as base formalism. GF
has been largely investigated [9], [10], [11]. GF is decidable
and several decision procedures have been described [12], [13]
and implemented [14].
The paper is structured as follows: In Section II, we
provide an example transformation that we will use as running
example throughout the paper. In Section III, we recapitulate
the Guarded Fragment (GF) and introduce some syntactic
extensions that turn out to be reducible to GF. The syntax and
semantics of the transformation language will be introduced
more formally in Section IV, and we will show how to derive
verification conditions, with the aid of a weakest precondition
calculus. We will spell out in more detail in Section V how
to convert these verification conditions into formulas of the
Guarded Fragment. We conclude in Section VI.

II. E XAMPLE OF A T RANSFORMATION
We start with the presentation of an example program that
is given in Figure 1, and which is meant to transform graphs
as the one on the left side of Figure 2, to produce the graph
on the right side.
Graphs consist of nodes and arcs. The names of nodes
(a1 , a2 , b1 , . . . ) appearing in Figure 2 are for convenience only
and are not part of the logical formalism. What is essential is
the labelling of nodes with types (or properties or classes),
such as A, B, C. These correspond to the unary predicates in
Figure 1. Arcs are labelled with arc types. These correspond
to the binary predicates in Figure 1. As we only use one arc
type R in this example, we have not explicitly annotated the
arcs in Figure 2.
The program consists of
• a declarative part (in blue), namely the pre- and postconditions preceded by the keywords Pre resp. Post, and
an invariant following keyword inv
• an executable part (in black), consisting of traditional programming constructs (such as a while loop) and specifically tailored graph manipulation instructions (select,
add, delete) and that will be introduced more formally
in Section IV.
The program is meant to identify nodes of type A that have
a successor (via relation R) both to nodes of type B and nodes
of type C, as specified in the select clause. Each such node
is added to type D (with the add statement) and removed
from type A (with the delete statement), and the arc to the
C type node is deleted. If there are several C-type successors,
select chooses one of them nondeterministically, such as
for example the nodes c1 or c2 among the successors of a3
(in Figure 2, the first choice has been made).
The program continues until no more such nodes can be
found in the graph. For better readability, we give the condition and the invariant of the while-loop here: The formula
Continue is ∃a.A(a) ∧ (∃b.R(a, b) ∧ B(b)) ∧ (∃c.R(a, c) ∧
C(c)). In this example, the invariant Invar is the same as the
postcondition.
We use some abbreviations which can be translated to
formulas in the Guarded Fragment, such as D = {} which
expands to ¬∃d.D(d), and B ∩ C = {} which expands to
¬∃n.B(n) ∧ C(n).
III. G UARDED F RAGMENT
In this section, we define the Guarded Fragment (GF) as a
subset of first-order (FO) logic with equality, having arbitrary
n-ary relational symbols, but no function symbols. We will
also introduce some extensions that arise during verification
condition generation, and see how to reduce them to GF. The
common basis of these languages is first-order predicate logic,
so we start with recalling some essential notions.
A. Predicate Logic
We write x, y, . . . for variables and boldface x, y for tuples
of variables. If x = (x1 , . . . xn ) is a tuple of variables,

(∀ a. A(a) −→
(∃ n. R(a, n) ∧ (B(n) ∨ C(n))))
∧ D = {} ∧ B ∩ C = {}

Pre:

while ( Continue ) inv Invar do {
select (a, b, c) with A(a) ∧ B(b)
∧ C(c) ∧ R(a, b) ∧ R(a, c);
add(D(a));
delete(A(a));
delete(R(a, c));
}
Post: A ∩ D = {} ∧
(∀ d. D(d) −→ (∃ b. R(d, b) ∧ B(b)))

Fig. 1: An example program
a1 : A

b1 : B

a1 : A

b1 : B

a2 : A

c1 : C

a2 : D

c1 : C

a3 : A

b2 : B

a3 : D

b2 : B

a4 : A

c2 : C

a4 : A

c2 : C

Fig. 2: Resulting transformation
then set(x) = {x1 , . . . xn } is the set of its variables. We
write φ(x) for a formula whose free variables are among x
without necessarily containing precisely these variables. By
F V (ψ), we designate the set of free variables of formula
ψ. Quantification with tuples such as ∃x.P (x) is shorthand
for iterated quantification with individual variables such as
∃x1 . . . . ∃xn .P (x).
An atomic formula or atom is defined as an equality x = y
or the application of a relation symbol to a tuple of variables,
R(x). We henceforth assume that every relation symbol R has
a fixed arity.
The logical languages to be defined in the following are all
fragments of predicate logic. The semantics we define now
is applicable to all of them. The semantics is standard, given
by interpretations ρ into relational structures. When restricted
to unary and binary relations, these relational structures can
be understood as graphs whose nodes are labelled with unary
predicates and whose arcs are labelled with binary relations,
as in Figure 2. But the entire development is not restricted to
unary and binary relations.
More in detail, an interpretation into a relational structure is
a triple ρ = (ρd , ρr , ρi ) where ρd is a domain, ρr is a function
that assigns to each n-ary relation symbol of the language a
subset of ρnd , and ρi a function that assigns to each individual
variable an element of ρd .
Definition 1 (Model of first-order logic): As customary in

first-order logic, we write ρ |= b to express that ρ is a model
of formula b, which is inductively defined by:
• ρ |= x = y if ρi (x) = ρi (y)
• ρ |= R(v) if ρi (v) ∈ ρr (R), where ρi (v) is the obvious
mapping of ρi on a vector of variables.
• ρ |= ¬ψ if ρ 6|= ψ
• ρ |= ψ ∧ φ if ρ |= ψ and ρ |= φ
• ρ |= ψ ∨ φ if ρ |= ψ or ρ |= φ
• ρ |= ∃v.ψ(v) if there exists an element vi ∈ ρd such that
ρv:=vi |= ψ(v). Here, if ρ = (ρd , ρr , ρi ), then ρv:=vi =
(ρd , ρr , ρi (v := vi)) and ρi (v := vi) is the update of
function ρi at variable v with value vi.
v:=vi
• ρ |= ∀v.ψ(v) if for all vi ∈ ρd , we have ρ
|= ψ(v).
B. Fragments of Predicate Logic
The Guarded Fragment (GF) of predicate logic is now
defined as follows:
Definition 2 (Guarded Fragment, GF):
1) All quantifier-free first-order formulas are formulas of GF.
2) If ψ and φ are formulas of GF, then so are ¬ψ and (ψ∧φ)
and (ψ ∨ φ).
Implication ψ −→ φ and equivalence ψ ↔ φ are defined
as usual. We define the formula “if-then-else”, ite(b, t, e),
as (b −→ t) ∧ (¬b −→ e).
3) If ψ(x, y) is a formula of GF and α(x, y) is an atom and
F V (ψ(x, y)) ⊆ F V (α(x, y)), then ∃y.α(x, y)∧ψ(x, y)
and ∀y.α(x, y) −→ ψ(x, y) are formulas of GF.
Here, we call α(x, y) the guard and ψ(x, y) the body of
a quantified formula.
Note that we could have restricted ourselves to the existential
quantifier, and by duality, we could have derived the above
definition for the universal quantifier. Some of the following
developments will indeed only discuss the case of existential
formulas.
Proposition 1: The validity of GF is decidable.
See [8], [9], [13] for proofs. For our further developments, we
need extension of GF that are described in the following. First
of all, parameters occur temporarily in formulas as the result
of introducing program variables in formulas. These variables
occur free and are not correctly guarded, so we need to be
able to manipulate formulas outside the Guarded Fragment,
which however turn out to be convertible to formulas of GF,
as shown below.
Definition 3 (Guarded Fragment with Parameters, GFP):
Let P be a set of variables called parameters. GFP contains all
quantifier-free first-order formulas and is closed under propositional connectives (as GF). Furthermore, if set(v) ⊆ P ,
(set(x) ∪ set(y)) ∩ P = {} and ψ(x, y, v) is a formula
of GFP and α(x, y, v) is an atom and F V (ψ(x, y, v)) ⊆
F V (α(x, y, v)) ∪ P , then ∃y.α(x, y, v) ∧ ψ(x, y, v) and
∀y.α(x, y, v) −→ ψ(x, y, v) are formulas of GFP.
We remind the reader that the notation α(x, y, v) means
that the variables of v may, but do not necessarily, occur in
α. The essential difference is that in GF, all the variables in the
body of a quantified formula have to be protected by a guard,
whereas in GFP, the body may contain free variables that are

not protected by the guard as long as they are parameters. For
example, ∃y.P (x, y) ∧ R(x, y, v) is not in GF because v is not
guarded, but in GFP if v ∈ P .
Using the dual of a transformation described in [9], we show
that every formula in GFP can be transformed into a formula in
GF, preserving validity. In the above example, the transformed
formula is ∀v.P ar(v) −→ ∃y.P 0 (v, x, y) ∧ R0 (v, x, y, v).
Lemma 1 (Transformation of GFP to GF): Every GFP
formula ψ can be transformed into a GF formula ψ 0 such
that ψ is valid iff ψ 0 is valid.
Proof: Let P = {v1 , . . . , vp } be the set of parameters of
ψ. For every n-ary relation symbol R of ψ, introduce a new
(p+n)-ary relation symbol R0 and a new p-ary relation symbol
P ar. If ψ is a GFP formula, then define ψ 0 as ∀v.P ar(v) −→
ψ[R(x) := R0 (v, x)], where ψ[R(x) := R0 (v, x)] is the
formula resulting from replacing every atom of the form R(x)
by an atom of the form R0 (v, x), possibly after renaming
bound variables in ψ to avoid capture of the free variables
of v.
The formula ψ 0 is in GF, because all parameters contained
in the body of a quantified formula are now protected by its
guard. Furthermore, take an arbitrary interpretation ρ of ψ and
turn it into an interpretation ρ0 of ψ 0 by interpreting P ar as
always true and by interpreting the relations R0 (v, x) of ψ 0
like R(x) of ψ. If ψ 0 is valid, ρ0 is a model of ψ 0 , so ρ is
a model of ψ. Conversely, take an arbitrary interpretation ρ0
of ψ 0 and turn it into an interpretation ρ of ψ by interpreting
R(x) like R0 (v, x), showing that if ρ is a model of ψ, so ρ0
is a model of ψ 0 . Altogether, ψ is valid iff ψ 0 is valid.
Let us go one step further and introduce GFP with universal
quantification, defined as follows:
Definition 4 (GFP with universal quantification, GFPU):
1) Every GFP is a GFPU.
2) If ψ(v) is GFP and φ(v) a GFPU, then ∀v.ψ(v) −→
φ(v) is a GFPU. The variables v may be free variables
or parameters of the formulas ψ and φ.
Our interest in these formulas derives from the fact that
we obtain essentially this class of formulas when extracting
proof obligations from programs, as described in Section IV-C.
To be more precise, these verification conditions still have to
undergo a process of elimination of substitutions that will be
explicated in Section V-B.
Note that ψ in the above definition is not necessarily the
guard of φ, because ψ may be non-atomic (and possibly
contains complex quantifier alternations) and φ may contain
free variables not guarded by ψ. The relevant aspect of these
non-guarded universal quantifications is that they do not occur
below an existential quantification and can therefore be moved
to the front of the formula, as shown in the following proof.
Lemma 2 (Transformation of GFPU to GFP): Every GFPU
formula ψ can be transformed into a GFP formula ψ 0 such
that ψ is valid iff ψ 0 is valid.
Proof: Given a formula ψ, we first convert it into a
formula ∀v.γ with a possibly empty quantifier prefix v and
such that γ is a GFP formula. To do so, we recursively transform any ∀v1 .ψ1 −→ (∀v2 .ψ2 −→ φ) into ∀v1 v2 .ψ1 −→

ψ2 −→ φ, eventually after renaming bound variables. These
are equivalence transformations.
In the resulting formula ∀v.γ, we drop the outermost universal quantifiers and convert the variables of v to parameters.
Obviously, ∀v.γ is valid if γ is.
Taking together Proposition 1 and Lemmas 1 and 2, we see
that the problem of validity of GFPU is decidable.

The formulas f orm occurring in statements and programs
are syntactically arbitrary first-order formulas. We will have to
impose further well-formedness constraints on these formulas
to obtain proof obligations that are in the GFPU fragment
(see Definition 4). We defer their definition to the discussion
of verification conditions in Section IV-C.
B. Operational Semantics

IV. T RANSFORMATION L ANGUAGE
A. Syntax
We now introduce more formally the transformation language of which we have already presented an example in
Section II. The syntax of statements stmt and programs prog
is defined by the following grammar:
stmt ::= Skip
|
add(R(v))
|
delete(R(v))
|
select v with f orm
|
stmt; stmt
|
if f orm then stmt else stmt
|
while f orm inv f orm do stmt
prog ::= Pre : f orm stmt Post : f orm
The statements define how to modify a given graph; a
program is a statement annotated with pre- and postconditions.
The statements feature traditional constructors such as Skip
(no effect), sequential composition, a conditional statement
and loops; the latter are annotated with an invariant (the
formula following inv).
The more specific constructors are
• add, for adding a tuple to a relation. In the context of
graph transformations, the relation R is typically binary,
and the tuple v identifies the source and target of an
edge to be inserted. Thus, add(R(n1 , n2 )) inserts an arc
between nodes n1 and n2 for relation R (arcs are directed,
labelled by relations, and there cannot be multiple arcs
of the same relation between the same nodes). Similarly,
add(C(n)) adds node n to set C, or labels node n with
class C. However, note that add and also delete are not
limited to unary or binary relations.
• delete, for deleting a tuple from a relation, similar in
spirit to add.
• select, for selecting a tuple satisfying the condition
specified by the formula. select can be understood as
a simultaneous assignment to the variables of the tuple
v. It may also be understood as the result of a database
query with further processing of one of the result tuples.
Since several tuples may satisfy the selection condition,
the assignment is non-deterministic. For example, the
select of Figure 1, when applied to the graph on
the left side of Figure 2, may choose the assignment
(a, b, c) := (a3 , b2 , c1 ), leading to the graph on the right
side of Figure 2. It might also choose the assignment
(a, b, c) := (a3 , b2 , c2 ), which would produce a different
graph, but which would satisfy the same specification.

The semantics of the programming language is given by
an operational semantics as defined in Figure 3. Programs
manipulate interpretations into relational structures, as defined
in Section III-A. The rules describe how a relational interpretation (corresponding to a program state) ρ is transformed to
a successor state ρ0 under the effect of executing a statement
c, written as (c, ρ) ⇒ ρ0 .
The rules for the traditional program constructors are as
usual. Note that the invariant of loops has no operational
significance and is therefore omitted in the rules.
The semantics of add and delete is defined with the aid
of two auxiliary functions:
• add_rel, which intuitively adds the tuple v under the
current interpretation to the interpretation of R. More
formally, if ρ = (ρd , ρr , ρi ) and ρ0 = (ρ0d , ρ0r , ρ0i ) =
add_rel R v ρ, then ρ0d = ρd , ρ0i = ρi and ρ0r
is defined so that ρ0r (S) = ρr (S) for S 6= R and
ρ0r (R) = ρr (R) ∪ {ρi (v)}, where ρi (v) is the obvious
extension of ρi to tuples.
• delete_rel, which removes the tuple v under the current
interpretation to the interpretation of R. More formally,
the component ρ0r is defined so that ρ0r (S) = ρr (S) for
S 6= R and ρ0r (R) = ρr (R) − {ρi (v)}.
The semantics of select v with b is the following: We
try to find a valuation ρ0 which modifies the current valuation
ρ at variables v with values vi and such that ρ0 satisfies the
selection condition b. If such a valuation ρ0 exists, the program
continues with this valuation. If no such valuation exists, then
the program gets stuck at this point. It is the programmer’s
responsibility to ensure that this situation cannot happen, for
example by protecting the select with an appropriate if or
while, as in the example of Section II.
C. Verification Conditions
The aim of program verification is to prove that a statement
of the programming language always establishes the postcondition, provided that the precondition is satisfied. The approach
is standard and proceeds by computing weakest preconditions
of a program. However, the programming language is nonstandard and the logic of a restricted form, which will require
a special treatment discussed in Section V.
Weakest preconditions wp and verification conditions vc are
computed recursively over the structure of formulas according
to the definition of Figure 4.
The weakest precondition wp(c, Q) is the weakest condition
that is required to ensure the postcondition Q after execution
of statement c. The main purpose of function vc is to collect

(S EQ )

(S KIP )

00

(Skip, ρ) ⇒ ρ

00

0

(c1 , ρ) ⇒ ρ
(c2 , ρ ) ⇒ ρ
(c1 ; c2 , ρ) ⇒ ρ0

(A DD )

(D ELETE )

ρ0 = add_rel R v ρ
(add(R(v)), ρ) ⇒ ρ0

ρ0 = delete_rel R v ρ
(delete(R(v)), ρ) ⇒ ρ0

(S ELECT )

∃vi.(ρ0 = ρ[v:=vi] ∧ (ρ0 |= b))
(select v with b, ρ) ⇒ ρ0

(I F T)

ρ |= b (c1 , ρ) ⇒ ρ0
(if b then c1 else c2 , ρ) ⇒ ρ0

(I F F)

ρ 6|= b (c2 , ρ) ⇒ ρ0
(if b then c1 else c2 , ρ) ⇒ ρ0

vc(Skip, Q) = >
vc(add(R(v)), Q) = >
vc(delete(R(v)), Q) = >
vc(select v with b, Q) = >
vc(c1 ; c2 , Q) = vc(c1 , wp(c2 , Q)) ∧ vc(c2 , Q)
vc(if b then c1 else c2 , Q) = vc(c1 , Q) ∧ vc(c2 , Q)
vc(while b inv iv do c, Q) =
(iv ∧ ¬b −→ Q) ∧ (iv ∧ b −→ wp(c, iv)) ∧ vc(c, iv)
Fig. 4: Weakest preconditions and verification conditions

(W HILE T)

ρ |= b (c, ρ) ⇒ ρ00 (while b do c, ρ00 ) ⇒ ρ0
(while b do c, ρ) ⇒ ρ0
(W HILE F)

wp(Skip, Q) = Q
wp(add(R(v)), Q) = Q[R := R + v]
wp(delete(R(v)), Q) = Q[R := R − v]
wp(select v with b, Q) = ∀v.(b −→ Q)
wp(c1 ; c2 , Q) = wp(c1 , wp(c2 , Q))
wp(if b then c1 else c2 , Q) =
ite(b, wp(c1 , Q), wp(c2 , Q))
wp(while b inv iv do c, Q) = iv

ρ 6|= b
(while b do c, ρ) ⇒ ρ

Fig. 3: Big-step semantics rules
all the conditions that are required to ensure local conditions,
in particular the correctness of invariants in loops.
We are here interested in partial correctness: showing that
a program is correct provided it terminates and does not get
stuck during execution, for example due to an unsatisfiable
select statement. The functions wp and vc are related to the
operational semantics by the following theorem:
Theorem 1 (Soundess): If vc(c, Q) is valid and (c, ρ) ⇒ ρ0 ,
then ρ |= wp(c, Q) implies ρ0 |= Q.
Differently said, if the initial program state ρ satisfies the
weakest precondition wp(c, Q), then the final program state
ρ0 satisfies the postcondition Q provided that the verification
condition vc(c, Q) is valid.
The soundness proof follows a standard argument (see for
example [15], [16]) and will not be spelled out here.
Definition 5 (Program correctness): The program prg =
(Pre : P c Post : Q) is said to be correct, corr(prg), if the
formula vc(c, Q) ∧ (P −→ wp(c, Q)) is valid.
We attract the reader’s attention to some syntactic aspects:
in the clauses for add and delete, we use substitutions of
the form Q[R := R ± v]. These substitutions are traditional
in classical Hoare-style verification [17] but are here not
understood as meta-operations, but as new constructors that we
add temporarily to the logical language, in the style of explicit
substitutions [18]. For the fragments GF, GFP, GFPU defined

in Section III, we define extensions GFσ , GFPσ , GFPUσ that
may in addition contain substitutions. In Section V, we will
show how to eliminate substitutions.
Definition 6 (Well-formed conditions): We say that a statement has well-formed conditions if the conditions b and
invariants iv occurring in select, if and while statements
are GFP formulas.
We say that a program Pre : P c Post : Q has well-formed
conditions if P is a GFP formula and Q a GFPU formula.
Lemma 3:
1) If statement c has well-formed conditions and Q is a
GFPUσ formula, then wp(c, Q) and vc(c, Q) are GFPUσ
formulas.
2) If program prg has well-formed conditions, then its program correctness formula corr(prg) is a GFPUσ formula.
Proof: The proof of the first part is by induction on the
structure of statements, keeping in mind that if Q is a GFPUσ
formula, then so is Qσ for a substitution σ. Furthermore,
GFPUσ formulas are closed by propositional connectives. The
most interesting case is the select statement: if Q is a GFPUσ
formula and b a GF P formula (by well-formedness), then
∀v.b −→ Q is a GFPUσ formula.
We end this section with a remark on consecutive select
statements. In the program
Pre: P
select (a, b) with ¬ R(a, b);
add(R(a, b));
select (a, b) with R(a, b);
delete(R(a, b))
Post: Q
the variables a (resp. b) in the first and second select may
refer to the same or different nodes. The weakest precondition
∀a, b.¬R(a, b) −→

(∀a, b.R(a, b) −→ Q[R := R − (a, b)])[R := R + (a, b)]
shows the different bindings to the variables a and b. When
computing prenex forms as in Lemma 2, bound variables have
to be correctly renamed to avoid conflicts.
V. C ORRECTNESS P ROOFS
In this section, we will discuss how to transform the proof
obligations derived from programs, as shown in Section IV-C,
into formulas of the Guarded Fragment. We will characterise
more in detail the nature of substitutions (Section V-A) and
then describe how to eliminate them (Section V-B), to obtain
formulas of the fragment GFPU. In Section V-C, we summarise the development.
A. Substitutions
Syntactically, substitutions σ can take one of the two forms
[R := R + v] and [R := R − v]. We implicitly assume that the
number of elements of v = (v1 , . . . , vn ) is the same as the
arity of R. The set of free variables F V (σ) of a substitution
is the set {v1 , . . . , vn }.
Let σ be a substitution and φ a formula. We write φσ for
the application of a substitution to the formula. As mentioned
before, the application of a substitution is here taken to be a
genuine formula constructor and not a meta-operation.
In extension to the semantics of first-order logic (Definition 1), we therefore define:
• ρ |= φ[R := R + v] if add_rel R v ρ |= φ
• ρ |= φ[R := R − v] if delete_rel R v ρ |= φ
For the definition of add_rel and delete_rel, see Section IV-B.
In the description below, we use variable renamings that
we clearly distinguish from the substitutions described above.
Definition 7 (Variable renaming): A renaming of variables
u to v in formula ψ is written as ψ[u := v] and is obtained by
replacing the variables u in ψ by the variables v, eventually
renaming bound variables to avoid variable capture.
Lemma 4 (Parameters in renaming): Let P be a set of
parameters and ψ a formula with parameters S ⊆ P . Then
ψ[u := v] is a formula with parameters S 0 ⊆ (S − U ) ∪ V ,
where U ⊆ P resp. V ⊆ P are the parameters among u resp.
v.
Proof: The proof is by induction on ψ. Note that not all
variables of u necessarily occur in ψ, whence the fact that the
parameters of ψ[u := v] can be a strict subset of (S − U ) ∪ V .
B. Elimination of Substitutions
We recall that the verification conditions extracted from
well-formed programs are formulas of GFPUσ , i.e. of the
fragment GFPU with substitutions.
We now show that any formula of GFPUσ can be converted
to an equivalent formula of GFPU; and any formula of GFPσ
can be converted to an equivalent formula of GFP. We proceed
in two steps: We first produce a pre-GFPU (resp. pre-GFP)
form, which is syntactically not a GFPU (resp. pre-GFP)
formula; and we then convert pre-GFP(U)-forms to GFP(U)
formulas.

1) Computing a pre-GFP(U) form: Substitutions are essentially pushed recursively into a formula according to the
following equations:
• For propositional connectives: (¬ψ)σ = ¬(ψσ) and (ψ ∧
φ)σ = (ψσ ∧ φσ) and (ψ ∨ φ)σ = (ψσ ∨ φσ)
• For quantifiers: (∃y.ψ)σ = (∃y.ψσ) and (∀y.ψ)σ =
(∀y.ψσ), possibly after renaming bound variables to
make them different from F V (σ).
• For propositional constants ⊥ σ =⊥, and for equality
(x = y)σ = (x = y)
• For relational applications, depending on the substitution:
– R(x1 , . . . , xn )[R V := R + (v1 , . . . , vn )] =
n
R(x1 , . . . , xn ) ∨ i=1 xi = vi
– R(x1 , . . . , xn )[R W := R − (v1 , . . . , vn )] =
n
R(x1 , . . . , xn ) ∧ i=1 xi 6= vi
Lemma 5: Elimination of substitutions is semanticspreserving.
It is easy to see that applying substitutions to propositional
connectives, constants, equality and relational applications
preserves the guarded fragment. However, this is no so for
quantified formulas where the guard is a relational application,
as for example in (∃y.R(x, y)∧R(y, x))[R := R+(v1 , v2 )] =
(∃y.(R(x, y)∨x = v1 ∧y = v2 )∧(R(y, x)∨y = v1 ∧x = v2 )).
There are two problems with this formula: the first conjunct
below the quantifier is not an atomic guard; and new variables
have been introduced into the second conjunct, and these
variables are possibly not guarded any more. The following
transformation deals with the first problem, whereas the fact
that we allow parameters deals with the second problem.
2) Producing GFP(U) formulas: The transformations of
Section V-B1 produce quantified pre-GFP(U) forms that can
be of three kinds:
1) ∃y.ρ∧γ if the formula resulted from a substitution into an
existentially
quantified
guarded formula,
V
V
W so ρ is R(x,
W y)∨
( x = vx ∧ y = vy ) or R(x, y)∧( x 6= vx ∨ y 6=
vy ). Here, we have split up the vector of substitution
variables v into the variables vx assigned to the free
variables x and vy assigned to the bound variables y.
By an inductive argument, we assume that γ is already
a GFP formula. We will analyse this situation in detail
below.
2) ∀y.ρ −→ γ if the formula resulted from a substitution
into a universally quantified guarded formula, and where
ρ and γ are as above. This case is handled in analogy to
the case of existential quantification.
3) ∀y.γ1 −→ γ2 if the formula resulted from a substitution
into a universal quantification of the form ∀v.ψ −→ φ
where ψ is a GFP but not an atom and φ is a GFPU (see
Definition 4). By induction, we can assume that γ1 is a
GFP formula and γ2 a GFPU formula, so ∀y.γ1 −→ γ2
is a GFPU formula as required.
We discuss in detail the transformation for formulas of the
form ∃y.ρ ∧ γ, as in the first case above.
• If ρ has the first form, we start with the formula
V
V
∃y.(R(x, y) ∨ ( x = vx ∧ y = vy )) ∧ γ. By

•

distributing conjunctions
we obtain
V over disjunctions,
V
∃y.(R(x, y) ∧ γ) ∨ (( x = vx ∧ y = vy ) ∧ γ) and
by distributing the existential
quantifier over
V
V disjunctions:
(∃y.(R(x, y) ∧ γ)) ∨ ( x = vx ∧ (∃y. y = vy ∧ γ)).
Using equivalences like (x = v∧P (x)) = (x = v∧P (v))
and (∃y.y = v ∧ P (y)) = P (v), Vthis can further be
simplified to (∃y.(R(x, y) ∧ γ)) ∨ ( x = vx ∧ (γ[x :=
vx , y := vy ])) where γ[x := vx , y := vy ] is a renaming
of variables in the sense of Definition 7. According
to Lemma 4, this formula is a formula of GFP with
parameters among those of γ and vx and vy .
IfWρ has the second
form, we start with ∃y.(R(x, y) ∧
W
(W x 6= vx ∨ y 6= vy )) ∧ γ, which
W can be rewritten to
(∃y.R(x,
y)
∧
x
=
6
v
∧
γ)
∨
i
x
i
i
j (∃y.R(x, y) ∧ yj 6=
vyj ∧ γ).
W
The first disjunct is equivalent to ( i (xi 6= vxi )) ∧
(∃y.R(x, y) ∧ γ) which W
is a GFP formula.
Each of the disjuncts of j (∃y.R(x, y) ∧ yj 6= vyj ∧ γ)
is a GFP formula, with parameters among the parameters
of γ or vyj .

From the fact that in the preceding discussion, we have only
performed equivalence transformations, we get:
Lemma 6: The transformation of pre-GFP(U) forms to
GFP(U) is semantics preserving.
C. Proof Procedure
We summarise the procedure and illustrate it with a part
of the proof obligations arising when verifying the example
program of Figure 1. Let lbody the body of the while loop.
The essential steps for verifying the program
(Pre : P c Post : Q) are:
1) Check that the conditions in the program are well-formed
in the sense of Definition 6. Otherwise, the proof obligations are not assured to be convertible to GF formulas.
In the example, the pre- and postconditions (in this case
the same as the formula Invar) and the loop condition
Continue are already GF formulas. The condition of the
select clause is a GFP formula with parameters a, b, c.
2) In general, to extract the verification conditions as
corr(prg), if vc(c, Q) ∧ (P −→ wp(c, Q)).
In the example program of Figure 1, one subformula will
have the form Invar∧Continue −→ wp(lbody, Invar).
In the following discussion, we will concentrate on this
subformula.
3) Expand the definitions of vc and wp.
For our example formula, we obtain Invar ∧
Continue −→ ∀a, b, c. Selcond −→ (Invar[R :=
R − (a, c)][A := A − (a)][D := D + (a)]), where
Selcond is the condition of the select statement. We
abbreviate the sequence of substitutions by ~σ .
4) Computing a pre-GFP(U) according to Section V-B1.
In the example, with formulas F1 = (A ∩ D =
{})~σ = (¬∃n.A(n) ∧ D(n))~σ = (¬∃n.(A(n) ∧ n 6=
a) ∧ (D(n) ∨ n = a)) and F2 = (∀d.D(d) −→
(∃b.R(d, b) ∧ B(b)))~σ = (∀d.(D(d) ∨ d = a) −→

(∃b.(R(d, b) ∧ (d 6= a ∨ b 6= c)) ∧ B(b))), we obtain
Invar ∧ Continue −→ ∀a, b, c. Selcond −→ F1 ∧ F2 .
5) Computing a GFP(U) formula according to Section V-B2.
Transforming F1 , we get (¬(∃n.(A(n)∧n 6= a∧D(n))∨
(A(n) ∧ n = a ∧ n 6= a))), which we simplify on the fly
to F1 = ¬(∃n.(A(n) ∧ n 6= a ∧ D(n)))
For transforming F2 , we change (∃b.(R(d, b) ∧ (d 6=
a ∨ b 6= c)) ∧ B(b)) to F3 = ((∃b.R(d, b) ∧ d 6=
a ∧ B(b)) ∨ (∃b.R(d, b) ∧ b 6= c ∧ B(b))). With this, we
separate (∀d.(D(d) ∨ d = a) −→ F3 into (∀d.D(d) −→
F3 ) ∧ (∀d.d = a −→ F3 ), which after some further
transformations becomes F2 = (∀d.D(d) −→ F3 ) ∧
(∃b.R(a, b) ∧ b 6= c ∧ B(b)).
Let us pause at this moment to reconsider the notion
of parameter. Seen locally, in F1 , the variable a is a
parameter because it is a free variable that does not
occur in the guard A(n). Similarly, in the subformula
∃b.R(d, b) ∧ b 6= c ∧ B(b), the free variable c is a
parameter, but d is not because it is contained in the
guard R(d, b). Altogether, when considering a, b, c as
parameters, formula Selcond −→ F1 ∧ F2 is a correct
GFP formula, even though it is not a GF formula.
When closing this formula universally, we obtain a GFPU
formula with an empty parameter set.
6) Transform the GFPU formula into a GFP formula according to Lemma 2.
In the example, we move the universal quantifiers of
a, b, c outside, to obtain: ∀a, b, c. Invar ∧ Continue −→
Selcond −→ F1 ∧ F2 , and then drop these three quantifiers. Now, a, b, c are parameters again.
7) Transform the GFP formula into a GF formula according
to Lemma 1.
In the example, with parameters a, b, c, we construct
a guarded formula ∀a, b, c. P ar(a, b, c) −→ (Invar0 ∧
Continue0 −→ Selcond0 −→ F10 ∧ F20 ).
Let us look at selected subformulas. Following the
algorithm of Lemma 1, A(a) in Selcond is transformed to A0 (a, b, c, a) in Selcond0 , which is guarded
by P ar(a, b, c). The subformula ∃b.R(a, b) ∧ b 6=
c ∧ B(b) of F2 , with c not guarded, now becomes
∃b0 .R0 (a, b, c, a, b0 ) ∧ b0 6= c ∧ B 0 (a, b, c, b0 ) in F20 , which
is a GF formula.
VI. C ONCLUSIONS
We have presented a graph transformation language and
an assertion formalism based on the Guarded Fragment of
predicate logic. The focus in this paper has been on the
manipulation of formulas that are required to reduce verification conditions to formulas of GF, which establishes the
decidability of the reasoning problem.
Several questions remain open, both practical and foundational. We will work on the transformation language itself,
introducing, among others, iterators or primitives for allocating
or deallocating new nodes in a graph. Whereas the language
of Section IV only contains the level of statements, we would
also like to introduce a procedural abstraction.

We also intend to work on enhancements of the assertion
formalism, to make it more expressive. One of the attractive
features of some Description Logics is their ability to count,
for example the number of successors of a node via so-called
“number restrictions” [19]. Unfortunately, adding counting
quantifiers to GF makes it undecidable [9]. Other fragments
of first-order logic, such as the two-variable fragment, permit
counting quantifiers [20], and their usefulness will have to be
evaluated. And a full formal comparison with a formalism [21]
based on two-variable logic and PDL [22] still has to be done.
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